Brocker's valuation-theoretic characterization of fans in a formally real field is extended to skew fields with involution. It is shown how each fan of a *-field arises as the pullback of a trivial fan in the residue skew field of a valuation.
Introduction and notation
In a formally real field, a fan is a certain special intersection of positive cones of orderings.
Fans are very important to the study of quadratic forms over the field. The current status of the theory for commutative fields is well summarized in [9] . Our interest here will be in a *-field (D, *); that is, a skew field D with an involution *. The concept of *-ordering is due to Holland [8] , though we shall use the definitions of [4, 5] . For any subset A of D, we shall write AX for the set of nonzero elements in A. We shall write S(D) for the set of symmetric elements {LED (d-d"}.
An extended *-ordering (called 'strong ordering' in [8] ) is a subset P of D satisfying P+PcP; 1eP; dPd*cP, for all deDX; PU-P>S(D)'; Pn-P=0 and P. PC P. A *-ordering is the set of symmetric elements in an extended *-ordering.
These correspond best with orderings in the commutative case (with * = identity) since no one can be contained in another (see [3, 4] for details). The importance of fans in this setting was demonstrated in [5, $61 where they are used to characterize the image of the Witt group of hermitian forms over (0, *) inside the ring of continuous functions on the set of all *-orderings X,, where hermitian forms induce functions via their signatures.
In fact, this set X, forms a space of orderings in the sense of Marshall [lo] . Fans are used in his abstract setting to prove the results necessary for [S] (see [l 1 I) . For this reason, it is important to understand their form as subsets of D.
Given a *-ordering P, we define Pe to be the maximal extended *-ordering containing P. The set Pe can be explicitly defined in terms of the order valuation of P; this is the valuation up associated to the ring of archimedean classes determined by P, namely A(P) = {d E D / 0 5 dd*< n, for some n E Z}. Holland [7, 8] T, is compatible with v. In addition, T is said to be fully compatible with v if every *-ordering in X, is compatible with v.
Our main goal in this paper is to extend to r-fields the valuation theoretic characterization of fans due to Brocker [l, $21 in which he shows that each fan arises as the pullback of a trivial fan on the residue field of some *-valuation.
As for commutative fields, we shall call a fan trivial if it is a *-ordering or is the intersection of two *-orderings. The extension of Brocker's theorem is Theorem 2.13 below and an appropriate *-valuation is explicitly constructed in the proof of Theorem 2.12. The paper concludes with an application of this theorem to *-fields in which the preordering S(Z) is a fan. Following the commutative terminology introduced by Brown [2] , we call these superordered *-fields.
Fans and valuations
Let T be a preordering of (0, *). Let 
(D)) = S(C(D,)).
In particular, case. However, this is not true for orderings of skew fields without involution [6] . The classical theorem of Baer and Krull [9, Theorem 3.181 gives a one-to-one correspondence between orderings of a field compatible with a real valuation u and pairs consisting of an ordering of the residue class field and a character of the value group modulo even elements. This was extended to *-fields in [4, Theorem 3.41. We now need a more general version for X31. Let r be the value group of a real *-valuation u and write S(T) for the set u(S(D)'), a subgroup of r because u is real [4] . As in the classical situation, we must find some kind of a section S(T) -+ S(D)'.
The proof of our extension of [4, Theorem 3 .41 is the same as the original proof, with the exception that we must replace the semisection of that argument by what we shall call a T-semisection. The final statement on the topologies is almost immediate from the definitions. In the notation of [4] , and writing G* for the character group Hom(S(T)/u(T), {-t l>), 
This is a mapping s : S(T) -+ S(D)x

Let u be a real *-valuation on (0, *) with T-semisection s : S(T) + Dx. (1) Let PeXji. Then P={~ED~ (aEP, u(a)=03 lies in Xrand o(j$s(y)~Pfor all yes(r) defines a homomorphism o: S(T)/v(T)+
{ -f-l}. (2) Let P E XT and o E Hom(S(T)/u(T), (k 1)). Then P= (a E S(D) ( as(u(a)))'o(u(a)) E P"} lies in XF.(3)the clopen set H(a) c X,, for a E S(D)', corresponds to (c7.E G* 1 a(o(a)) = l} xH(as(u(a))-' +s(u(a))-'a) U {aeG* ) o
(u(a))= -I} xH(-as(u(a))-'-s(u(a)))'a).
Lemma 2.3. Let d E ITS(D). Then d-'d* lies in the commutator group [LB(D), S(D)'].
Let v be a real *-valuation. Any unit in ZZS(D) can be written as the product of a symmetric unit and an element of U, nITS(D)nE(D), where U, denotes the units in the valuation ring of u.
Proof. Let uEU,nIZS(D).
We can write u=(u+u*)(l+~-l~*) - rl Ufl T')I = 1. This implies equality in (2) , and the converse implication holds if the left-hand side of (2) is finite. 0
Let T be a preordering of (0, *). We now turn our attention to certain specific *-valuations known to be compatible with T. For any *-ordering PEX,, the valuation up defined in the introduction is compatible with P [8] , and hence compatible with T. We shall write AT for the *-valuation ring n A(P) (PEXT), where the product is the operation inside D. We write uT for the corresponding *-valuation. For each PEX~, we have 1 + (m,,n S(D)) G 1 + (m+ nS(D)) c P, and hence contained in the intersection n_ P, which equals T by [5, Corollary 3.141. This shows that ur is fully compatible with T [5, Proposition 4.51.
Proposition 2.6. (1) The valuation UT is the finest *-valuation of (0, *) fully compatible with T. (2) For any set B c D, write B for the image in D,, of Bn U,,. For PE XT, we have A(P) =A(P). (3) AT= D, or equivalently, the residue field has no nontrivial *-valuations fulIy compatible with 7:
Proof. (1) Assume that A is a *-valuation ring properly contained in AT. By definition of A,, there exists a *-ordering P E XT such that A(P) g A. We claim that A is not compatible with P. Choose an element x E A(P), x $ A. By definition of A(P), there exists a positive integer n such that 0 <xx*< n with respect to P. Since A is a *-valuation ring, we have xx*$ A, and hence A is not compatible with P. (2) BydefinitionA(P)={d~15101dd*<n,forsomen~Z}.Givend~A(P),lift to a ED. Then, for some positive integer n, 0 5 aa*< n with respect to P, so a E A(P) and ii~A(p). Conversely 
T[a]={tl+tt,a~tj~TeU(O}}~S(D)X.
Proposition 2.7. Let T be apreordering with IITS(D)/(l7S(D) fl Te)l greater than 4. Let Pf Q be elements of XT. Let a E Pfl Q, with a $ T. Let v : Dx + r be the order valuation of P. If v(T) = S(T), then there exists b E T [-a] such that b lies in P or
in Q, but not both. Next we begin to look at how fans interact with valuations.
Proof. Write U, for the units in A(P). Since v(a) E S(T) = v(T), we
Proposition 2.9. Let v be a *-valuation and let T be a preordering of (0, *). (1) If v is compatible with T and T is a fan, then T is a fan. (2) If v is fully compatible with T, then T is a fan iff T is a fan.
Proof.
(1) Let bE CJ,, such that BEST, 66 -T. We may assume bES(D)X and, of course, be -T. Since T is a fan, the element 1 + b lies in T or bT, and therefore its image lies in T or 6T. Thus T is a fan by Theorem 2.8. 
Corollary 2.10. Let T be a nontrivial fan and let PEX, with order valuation vp:DX --t IY Then vp(T) #S(T). In particular, up is a nontrivial valuation and thus P is nonarchimedean.
Proof. Assume that up(T) = S(T)
and
Let T be a fan and let v be a *-vaiuation for which the subset S(T) of r is a subgroup. Zf v(T) contains no nontrivial convex subgroup of S(T), then v is fuily compatible with T.
Proof. By [S, Proposition
it will suffice to show that t + (m,nS(D)) c T for any tETnU,.
Let tETnU, Finally we come to our main theorem extending the work of Brocker [l] . Theorem 2.13. Let T be a preordering of (0, *) and set v = vT. The following statements are equivalent:
(1) T is a fan. 
(2) [IZS(D,) : T"fiI7S(D,)] 5 4 (i.e. the induced fan T on D, is trivial). (3) There exists a *-valuation v. fully compatible with T such that T pushes down to a trivial fan on D,. (4) ~S(T,)/o(T)~ 2 [ITS(D)
:
IS(~,>/u(T)I = [LLS(D) : Tef-I17S(D)]/[17S(D,) : T'nZIS(D,)] 2 [Z7S(D) : Te(717S(D)]/'4.
(4) * (2) . Again using Theorem 2.5, 
lS(l-,)/u(T)l> [US(D)
Superordered *-fields
In [2] , Brown has defined a superordered field as a formally real field F which has as many orderings as possible; i.e. every subgroup of FX of index 2 containing all nonzero sums of squares and not containing -1 is an ordering. We introduce the corresponding concept for *-fields. Proof. This is just the equivalence of (1) and (3) of Theorem 2.13 for the preordering S(Z). 0
Corollary 3.4. Let v be a *-valuation f&y compatible with S(Z). Then D is superordered iff D, is superordered.
Proof. This follows immediately from Proposition 2.1, Proposition 2.9(2) and Proposition 3.2. 0
